
U ¼ 1

1" k
c=c0

l

ð1" uÞ=2þ kð1þ uÞ=2
" 1

! "
ð8Þ

where c is the solute concentration field, c0
l ¼ c1=k is the

solute concentration of a flat interface at the reference
(solidus) temperature T 0 for an alloy of nominal solute
concentration c1, and k is the interface solute partition
coefficient. Space is in units of the diffuse interface width
W and time is in units of the relaxation time s0 at the
temperature T 0 [56]. Thus, the non-dimensional values for
the liquid diffusion coefficient eD, pulling velocity eV p, and
thermal length elT are:

eD ¼ Ds0

W 2 ¼ a1a2
W
d0
; ð9Þ

eV p ¼
V ps0

W
¼ a1a2

V pd0

D
W
d0

# $2

; ð10Þ

elT ¼
lT

W
¼ lT

d0

1

W =d0
; ð11Þ

and the coupling factor:

k ¼ a1
W
d0
; ð12Þ

where lT ¼j m j c1ð1=k " 1Þ=G is the thermal length with m
the slope of the liquidus and d0 ¼ C= j m j c1ð1=k " 1Þ½ ' is
the capillarity length with C the Gibbs–Thomson coefficient
of the solid–liquid interface, a1 ¼ 5

ffiffiffi
2
p

=8, and a2 ¼ 47=75
[66]. The notation u in Eqs. (6) and (7) is only used to sim-
plify the notation of its value tanhðw=

ffiffiffi
2
p
Þ. We consider the

standard form of the fourfold anisotropy of the surface ten-
sion: cð!hÞ ¼ !casð!hÞ with

asð!hÞ ¼ 1þ !4 cos 4!h; ð13Þ

where !c is the average surface tension in a h100i plane, !4 is
the strength of the surface tension anisotropy, and !h is the
angle between the normal to the interface and a fixed crys-
talline axis. For a crystal misorientation a0 with respect to
the coordinate axes, the anisotropy as function of the angle
h between the interface normal and the axis x is:

asðhÞ ¼ 1þ !4 cos½4ðh" a0Þ': ð14Þ

Fig. 2. Grain competition mechanisms at GBs. At the converging GB (a,b), the grain selection occurs by an overgrowth mechanism with one primary
dendrite being eliminated by impinging on the other grain. At the diverging GB (c,d), the evolution of the GB is controlled by the tertiary branching
competition among grains, leading to the creation of a new primary dendrite. The initial and final locations of the GB are marked on the left and
right of the snapshot sequences, with the macroscopic evolution of the GB schematized as a green dashed line. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8.33 Grain competition mechanisms at converging (top) and diverging (bot-
tom) grain boundaries during the growth of 〈100〉 dendrites. The initial and final
locations of the boundary are marked on the left and right of the sequences, and
the macroscopic evolution of the boundary appears as a green dashed line. (Repro-
duced from [56] with permission.))
Copyright 2016 EPFL Press. This figure has been reproduced from Solidification,
by J.A. Dantzig and M. Rappaz, for instructional purposes. For other uses, please
contact the authors and the EPFL Press for written permission.


