
CHAPTER 7

NUCLEATION

7.1 INTRODUCTION

In this text, we focus our attention on crystalline solids that form from the
melt. The process begins with the creation of a cluster of atoms of crys-
talline structure, which may occur due to random fluctuations. This chap-
ter describes the processes by which clusters form, and the conditions that
affect the rate of their production and survival. Clusters that are too small
to survive will be called embryos, whereas those that are sufficiently large
to be stable are termed nuclei. Thermodynamics plays an important role,
with the clusters becoming more plentiful and viable as the temperature
decreases below the equilibrium freezing point. The concept of nucleation
also applies in other contexts, such as the first appearance of voids associ-
ated with gas porosity and other defects. This is discussed in Part III.

We begin with the classical theory of homogeneous nucleation, where
the clusters are assumed to appear spontaneously in a melt free of any
impurities. This theory is the easiest to understand, but it leads to pre-
dictions for nucleation rates that are far different from those observed in
practice. This leads to the concept of heterogeneous nucleation, introduced
in Sect. 7.3, in which the clusters form preferentially on foreign particles
in the melt, or at interfaces such as those between the melt and its con-
tainer. Particles may be present simply as a result of inevitable impurities,
or they may be intentionally added in a process called inoculation, which
promotes the formation of nuclei just below the equilibrium melting point,
i.e., at small undercooling. Relatively recent experimental results show
that the heterogeneous nucleation rate depends, in this case, on the size
distribution of foreign particles in the melt, as discussed in Sect. 7.4.

7.2 HOMOGENEOUS NUCLEATION

7.2.1 Embryos and nuclei
Consider a homogeneous, pure liquid at uniform temperature above the
equilibrium melting point Tf . The structure of the liquid, which can be
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measured for example by neutron diffraction, has short range order over
distances of a few atomic radii, but is disordered over longer distances. The
atomic mobility is also high. This permits the formation of clusters of a few
atoms with a crystalline structure, but it is not energetically favorable for
the crystal structure to persist in such small clusters. This was discussed
in Chap. 2, and we refer the reader to Fig. 2.2 for a graphical description.
Indeed, for T > Tf , the Gibbs free energy of the solid Gm

s is higher than
that of the liquid Gm

` . When T < Tf , the free energy diagram shows that
Gm

s < Gm
` , however this simple balance does not account for the surface

energy contribution associated with the formation of the solid-liquid inter-
face (Eq. (2.61)). Nor does it reveal the rate at which solid nuclei appear.
This is the subject of the present chapter.

Despite the fact that we discuss clusters consisting of a relatively
small number of atoms, the liquid and solid phases are considered to be
continuous media, and the interface between the two phases is considered
to be a sharp surface of separation. For the sake of simplicity in the presen-
tation, the solid cluster is assumed to be a sphere of radius R containing N
atoms. We treat the solid and liquid as continua, which implies that R is
much larger than the actual dimensions of the interface, which is typically
a few atomic diameters thick. We assume that both phases are homoge-
neous, with molar free energies Gm

s and Gm
` in the solid and liquid phases,

respectively, and that the interfacial energy is given by �s`. The free energy
of a liquid containing a solid particle was described in detail in Sect. 2.4.2,
and the results from those derivations are reused here. The difference in
free energy between a system containing a solid particle of volume Vs and
surface area As` in contact with the liquid, and an entirely liquid system
is given by

�G = Vs
Gm

s � Gm
`

V m
+ As`�s` (7.1)

It was shown in Eq. (2.21) that for a small undercooling �T , Gm
s � Gm

` ⇡
��Sm

f �T , where �Sm
f is the molar entropy of fusion. Furthermore, from

Eq. (2.63) we have ⇢�sf = �Sm
f /V m. Substituting these results into

Eq. (7.1), and replacing Vs and As` by appropriate values for a sphere of
radius R, yields

�G = �4

3
⇡R3⇢�sf�T + 4⇡R2�s` (7.2)

Figure 7.1 shows the three terms in Eq. (7.2), for the particular case
of pure Al, when �T > 0, i.e., T < Tf . The first term on the right hand
side is proportional to R3 and negative, indicating that energy is released
by solidification when �T > 0. The second term is quadratic in R and pos-
itive, corresponding to the energy “penalty” associated with the creation of
a surface. For small R, the surface energy penalty exceeds the volumet-
ric liberation of energy, whereas the volumetric contribution dominates at
larger radii. This creates a maximum in �G called the homogeneous nu-
cleation barrier �Ghomo

n , as indicated in Fig. 7.1. The radius Rc at which
this occurs is determined by differentiating Eq. (7.2) with respect to R and
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Fig. 7.1 Surface, bulk and total free energies of a spherical solid as functions of its
radius for a fixed undercooling �T = 5 K. Property data for Al are tabulated in
Table 7.1.

setting the result equal to zero:

Rc =
2�s`

⇢�sf�T
=

2�s`

�T
(7.3)

where �s` = �s`/(⇢s�sf ) is the Gibbs-Thomson coefficient. Substituting
this result into Eq. (7.2) gives

�Ghomo
n =

4⇡�s`R
2

c

3
=

16⇡

3

�3

s`

(⇢�sf )2�T 2

(7.4)

An embryo of radius Rc is called a critical nucleus, since it is energetically
favorable for nuclei with R < Rc to melt, and for R > Rc to grow. Note that
for �T < 0, corresponding to temperatures above Tf , both terms on the
right hand side are positive for all values of R, and any embryo of the solid
that forms should always remelt. Let us note that the exact geometry of
the embryo is not important – it changes the prefactor in Eq. (7.4), but not
in such a way as to affect the conclusions.

Table 7.1 Material properties for Al.

Property Value Units

Tf 933 K

�s` 0.093 J m

�2

⇢�sf 1.02 ⇥ 10

6
J m

�3
K

�1

�s` 9.12 ⇥ 10

�8
K m

V m
1.138 ⇥ 10

�5
m

3
mol

�1
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Key Concept 7.1: Critical nucleus for homogeneous nucleation

• The radius of a critical nucleus at undercooling �T is given by:

Rc =
2�s`

⇢�sf�T
=

2�s`

�T

• The nucleation barrier is given by:

�Ghomo
n =

4⇡�s`R
2

c

3
=

16⇡

3

�3

s`

(⇢�sf )2�T 2

We have actually already encountered this result twice in earlier chap-
ters. First, in Chap. 2, we found the relationship between the under-
cooling and curvature at equilibrium, and Eq. (7.3) simply corresponds
to Eq. (2.62) with the mean curvature ̄ = R�1

c . We also found this re-
sult in Sect. 5.4.1, where an analysis of the growth rate of a spherical
solid in an undercooled melt revealed that the sphere had a critical radius
of Rc = 2�s`/�T . (See Eq. (5.187) and the subsequent discussion.) The
important point is that all of these analyses are tied together: the con-
tribution of curvature to thermodynamic equilibrium leads to a condition
of “equilibrium,” where a particle of a given radius R grows or shrinks,
depending on its size relative to Rc. This equilibrium point is unstable
because d2(�G)/dR2 < 0, indicating that the Gibbs free energy decreases
for both R < Rc and R > Rc. Clusters of atoms smaller than the crit-
ical nucleus are called embryos, while those larger than Rc are called
nuclei.

Example 7.1 calculates the critical nucleus size and the magnitude of
the homogeneous nucleation barrier as a function of the undercooling for
pure Al.

Example 7.1: Critical radius for nucleation in Al

Consider a melt of pure Al, with the properties tabulated in Table 7.1.
Determine the critical radius Rc, the number of atoms Nc, contained
in a critical nucleus, and the free energy change upon solidification as
a function of the undercooling.

The solution is a straightforward application of the equations just
derived. We have:

Rc =
2�s`

�T
=

2(9.12 ⇥ 10�8 K m)

�T
=

1.82 ⇥ 10�7 K m

�T
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Nc =
4⇡N

0

3V m
R3

c

=
(4⇡)(6.02 ⇥ 1023 atoms mol�1)(1.82 ⇥ 10�7 K m)3

3(11.38 ⇥ 10�6 m3 mol�1)�T 3

Nc =
1.33 ⇥ 109 atoms K3

�T 3

For convenience in plotting, �Ghomo
n is normalized by the characteris-

tic energy kBT associated with the thermal fluctuations of one atom,
kB being Boltzmann’s constant:

�Ghomo
n

kBT
=

16⇡

3kBT

�3

s`

(⇢�sf )2�T 2

=
(16⇡)(0.093 J m�2)3

(3)(1.38 ⇥ 10�23 J K�1)(1.02 ⇥ 106 J m�3 K�1)2
1

T�T 2

�Ghomo
n

kBT
=

9.39 ⇥ 108 K3

T�T 2

The results are plotted below.
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A closer examination of the results leads us to doubt the validity of the
homogeneous nucleation theory. These doubts become even more apparent
in the next section. For undercooling values up to about 20 K, the critical
radius is larger than 10 nm, which is sufficiently large for the assumptions
of continuum behavior and a sharp interface to be reasonable. However, a
cluster of this size contains more than 100, 000 atoms, and thus the forma-
tion of a critical nucleus of even this small size requires an unlikely amount
of organization in the liquid. On the other hand, if we consider a clus-
ter containing a more probable number of atoms, i.e. approximately 1000,
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the corresponding undercooling is almost 100 K. Such large undercoolings
are rarely achieved in practice, unless very rapid solidification techniques
are used. Further, since the critical nucleus size then approaches atomic
dimensions, the assumptions made in this theory are unlikely to apply.
These inconsistencies in the theory of homogeneous nucleation lead us to
propose alternative mechanisms for nucleation in practical applications.

7.2.2 Nucleation rate

The relationship between cluster size and free energy is important as it al-
lows an estimation of the rate at which clusters of a given size will appear.
We have seen that in an undercooled melt (�T > 0), the formation of a clus-
ter or embryo of size R requires an additional free energy �G(R), which
exhibits a maximum of height �Ghomo

n at R = Rc, as shown in Fig. 7.1.
On the other hand, �G(R) is an increasing function of R for a superheated
melt (�T < 0). We now proceed to compute the rate of formation of critical
nuclei as a function of temperature. Denote the density of atoms in the
liquid as n`, and the density of clusters of radius R in equilibrium with the
liquid as nR. The cluster of radius R contains N atoms, so we also refer to
the density of such clusters as nN . Most nucleation models posit that nu-
cleation is a thermally activated process, i.e., the energy of atoms follows a
Maxwell-Boltzmann distribution, such that

nR

n`
= exp

✓

��G(R)

kBT

◆

or
nN

n`
= exp

✓

��G(N)

kBT

◆

(7.5)

As �G(N = 1) = 0 for a “cluster” consisting of a single atom, the limiting
case nN=1

= n` is appropriate. Strictly speaking, Eq. (7.5) is not exact
since the formation of dimers, trimers, etc., naturally depletes the melt
of single atoms. However we assume that the density of such clusters is
small. Further, we make a more drastic assumption: we assume that this
relationship continues to be valid below the melting point, when clusters of
critical size Rc could possibly form. Indeed, the formation of such clusters
which will then grow clearly should distort the equilibrium distribution
given by Eq. (7.5). A more detailed discussion of this point can be found
in the text by Christian [1]. For the current discussion, we nonetheless
assume that the density of clusters of critical size R = Rc is small with
respect to n`, and given by Eq. (7.5).

The distribution of embryo sizes is shown schematically in Fig. 7.2.
For values of R > Rc, the growth of nuclei invalidates Eq. (7.5), indicated
in the figure by a dashed line that continues the distribution in this region.
Thus, we are interested in finding nc, the density of embryos that reach
the critical radius Rc, which can be found by setting �G(R) = �Ghomo

n in
Eq. (7.5), and using Eq. (7.4) to obtain

nc

n`
= exp

✓

��Ghomo
n

kBT

◆

= exp

✓

�16⇡

3

�3

s`

(⇢�sf�T )2kBT

◆

(7.6)
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Fig. 7.2 The density of embryos as a function of their radius.

A nucleus of critical size Rc will grow if it manages to add one more atom.
The rate at which this occurs is proportional to the atomic vibration fre-
quency ⌫

0

and the probability of capturing an atom at the surface, pc. Com-
bining these elements, we can deduce the nucleation rate , Ihomo.

Key Concept 7.2: Homogeneous nucleation rate

The nucleation rate in a homogeneous pure liquid is given by:

Ihomo = ⌫
0

pcnc = ⌫
0

pcn`
| {z }

Ihomo

0

exp

✓

�16⇡

3

�3

s`

(⇢�sf�T )2kBT

◆

(7.7)

The prefactor Ihomo
0

is not strongly temperature-dependent, and its
value can be estimated from its three component terms. As an example,
we use the data for Al given in Table 7.1 to compute n` = N

0

/V m ⇡ 6 ⇥
1028 atoms m�3. The atomic vibration frequency being about 1013 s�1 at
Tf , let us assume that there is no difficulty in attaching an atom to the
surface of the nucleus, i.e., pc ⇡ 1. Substituting these values into Eq. (7.7)
yields

Ihomo =
�

6 ⇥ 1041 m�3s�1

�

exp

✓

�16⇡

3

�3

s`

(⇢�sf�T )2kBT

◆

(7.8)

The nucleation rate depends strongly on temperature through the two
competing terms in the denominator of the exponential in Eq. (7.8). The
decrease in the nucleation energy barrier contributes the term �T 2, which
tends to make the nucleation rate increase very strongly with
increasing undercooling. The Maxwell-Boltzmann distribution contributes
the term T , corresponding to the decreasing mobility of atoms at low
temperatures.


