CHAPTER 2

THERMODYNAMICS
2.1

I NTRODUCTION

Thermodynamics is the study of the behavior of systems of matter under
the action of external fields such as temperature and pressure. It is used in
particular to describe equilibrium states, as well as transitions from one
equilibrium state to another. In this chapter, we introduce the concepts
pertinent to solidification. It is assumed that the reader has had some
exposure to classical thermodynamics; thus, the presentation is more in
the form of definitions and reviews than what might be found in a standard
thermodynamics text. We begin with a brief review of basic concepts, and
then proceed to develop the relationships needed in future chapters, with
a focus on condensed phases, i.e., liquids and solids.
The system consists of all of the matter that can interact within a space
of defined boundary. A system may contain several components, chemically distinct entities such as elements or molecules. There may also be
several phases, which are defined as portions of a system that are physically distinct in terms of their state (solid, liquid, vapor), crystal structure
or composition. For example, pure water is considered as a single component, H2 O, that may exist as several different phases, such as ice, liquid
or steam. In binary alloys, such as mixtures of Al and Cu, various phases
can be present, including a liquid in which both elements are completely
miscible; limited solid solutions of Cu in Al and Al in Cu; and intermetallic
compounds such as Al2 Cu, etc.
For a single component, or unary system, there are three thermodynamic variables: the temperature T , the pressure p and the volume V .
These variables define the state of the system. However, only two are independent, and the third is obtained through an equation of state, e.g.,
V = V (p, T ). The ideal gas law is one of the most familiar equations of
state, but such an equation of state exists for all materials. Note that T
and p are intensive variables, meaning that they do not depend on the
amount of material present, whereas V is an extensive variable, which
means that its value does depend on the quantity of material present in
the system. A state variable is one which can be written as a function
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of the thermodynamic variables. For example, the internal energy of the
system E is a state variable which is also extensive. We will use upper
case characters to designate extensive state variables such as E, G, H, S, V
(these symbols will be defined as they appear below). An intensive form
of any extensive state variable can be formed by dividing it by the total
mass M , or by the total number of moles n in the system. The former is
called the specific form and is represented by the corresponding lower case
character, e, g, h, s, v. The latter is called the molar form, denoted by the
superscript m, i.e., E m , Gm , H m , S m , V m . For example, the specific internal
energy of the system is e(T, V ) = E/M , whereas the molar internal energy
is given by E m (T, V ) = E/n.
In the following sections, we first introduce the concepts of classical
thermodynamics for systems having one component (unary systems), then
we treat the case of binary alloys, introducing the entropy and enthalpy
of mixing as well as ideal and regular solutions. In particular, the regular
solution model, despite its relative simplicity, is able to produce a rich variety of solidification reactions, e.g., eutectics, peritectics or monotectics, and
solid state transformations (e.g., spinodal decomposition, ordering, etc.).
This makes the model a very useful tool for describing the relationship
between the molar Gibbs free energy and phase transformations. Differentiation of the free energy leads to the chemical potential, which is an
indispensable concept for understanding phase transformations.
The subject then turns to the thermodynamics of multi-component
systems. It will be seen that, as the composition space is enriched by
adding more components, more phases can co-exist. The treatment above
is then generalized to define the conditions of equilibrium for a multicomponent, multi-phase system. This takes the form of Gibbs’ phase rule,
which gives the number of degrees of freedom of a multi-component system
as a function of the number of co-existing phases. The concepts developed
in this chapter are later used and enlarged in Chap. 3, which is devoted to
equilibrium phase diagrams for binary and ternary systems.
Finally, we discuss the phenomena that lead to modification or departure from equilibrium. The effect of surface energy and curvature on
thermodynamic equilibrium is first derived for a static interface. This is
extremely important for the understanding of microstructure development
in later chapters. We also introduce the concept of disequilibrium at a moving solid-liquid interface due to kinetic effects; this effect is related to the
ability of atoms and species in the liquid to rearrange themselves into a
crystalline phase.

2.2
2.2.1

T HERMODYNAMICS

OF UNARY SYSTEMS

Single phase systems

In thermodynamics, one compares different states and the corresponding relative changes in the various thermodynamic quantities. Often, the
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states being compared are “close” to each other, meaning that the kinds
of change under scrutiny are incrementally small. Consider the internal
energy of the system E, which is a state variable for a whole system of
volume V . The difference dE between two states is an exact differential.
Choosing T and V as the independent state variables, we may write the
following:
✓
◆
✓
◆
@E
@E
dE(T, V ) =
dT +
dV
(2.1)
@T V
@V T

One changes variables frequently in this subject, so it is necessary to designate which variables are held constant by use of the subscript on the
parenthesis. The partial derivatives that arise from such forms are often
given special names and symbols. For example, (@e/@T )V = cV is called
the specific heat at constant volume (units J kg 1 K 1 ).
We shall see that T and V are not the natural variables to express the
energy for condensed phases. The change in internal energy in the system
is the sum of any heat added to the system, designated Q, plus work done
by external forces, designated W . The First Law of Thermodynamics is a
translation of this statement into the equation
(2.2)

dE = Q + W

For a gas or a liquid, the work arises only by compression, and thus
W = pdV . However, for a solid, there may be other contributions from
the other components of the stress tensor, as will be seen in Chap. 4. Electromagnetic contributions can also enter into W . The variations Q and
W are written with the symbol to indicate that their value is pathdependent, and thus both Q and W are not state variables. In this chapter,
we consider only the hydrostatic compression/expansion term,
W = pdV .
It is useful to separate Q into a reversible part Qrev and an irreversible part Qirr . When following a reversible path, i.e, a succession of
infinitesimally close equilibrium states, Qirr = 0. This concept of irreversibility leads to definition of the entropy S(T, V ), a state variable, defined such that for a reversible path one has
dS =

Qrev
T

(2.3)

Notice that even though Qrev is not a state variable, the entropy is. The
Second Law of Thermodynamics is the statement that, for any process,
Qirr
0. We will be concerned almost entirely with equilibrium processes, where Qirr = 0. This also implies that at equilibrium, the system
has attained its minimum energy and maximum entropy. The first law,
Eq. (2.2), can now be written in terms of the entropy
dE = Q

pdV = T dS

pdV

(2.4)

In this form, the internal energy seems to be naturally expressed in
terms of the two extensive variables, S and V . Unfortunately, this form
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is not very convenient for condensed phases. For example, how would you
measure the specific heat at constant volume, cV , i.e., the increment of internal energy of the system while keeping its volume constant? You would
of course use a calorimeter. But constraining the volume to remain constant during the test would be very difficult. Therefore, one defines another state variable, the enthalpy H:
(2.5)

H = E + pV

The enthalpy will be used extensively in the analysis of solidification.
Using Eq. (2.4), the differential of H is given by
dH = dE + pdV + V dp = T dS + V dp
Considering H = H(S, p), we have
✓
◆
✓
◆
@H
@H
dH =
dS +
dp
@S p
@p S
By comparison with Eq. (2.6) we may identify
✓
◆
✓
◆
@H
@H
= T;
=V
@S p
@p S

(2.6)

(2.7)

(2.8)

Dividing by the constant mass of the system, M , and using Eq. (2.8) gives
(2.9)

dh = T ds + vdp

At constant pressure, the second term vanishes, and thus only the heat
brought to the system contributes to dh. For this reason, the enthalpy
is also sometimes called the heat content. By writing h = h(T, p), and
applying the chain rule for differentiation, we can define cp , the specific
heat at constant pressure as:
(2.10)

cp = (@h/@T )p

Thus, at constant pressure dh = cp dT . It follows from Eq. (2.10) that cp can
be measured in an adiabatic calorimeter maintained at constant pressure,
rather than at constant volume, which is certainly much more convenient!
In practice, the enthalpy is computed by integrating measured values
of cp over temperature, with the constant of integration adjusted in such a
way that the enthalpy is zero at 298 K:
h(T ) =

ZT

(2.11)

cp (✓)d✓

298 K

It also follows from Eq. (2.9) that the specific entropy, s(T ), is given at
constant pressure by
ds =

✓

dh
T

◆

p

cp dT
=
) s(T ) =
T

ZT

0K

cp (✓)
d✓
✓

(2.12)
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Note that the convention is to choose the reference temperature for the
entropy to be 0 K, rather than ambient temperature, so that the entropy is
zero at absolute zero. It is left as an exercise to show that
✓✓ ◆
◆✓
◆
@e
@v
cp cV =
+p
(2.13)
@v T
@T p
Perhaps the most important thermodynamic state variable for solidification is the Gibbs free energy, G, which is used extensively throughout
this book. It is defined as
G = H TS
(2.14)
Computing the differential dG and using Eq. (2.6), we obtain
dG = dH

SdT

T dS = V dp

SdT

(2.15)

from which we see that the Gibbs free energy is naturally expressed in
terms of the two intensive variables, p and T . In other words, if the
pressure and the temperature are known for a unary system, its Gibbs
free energy per unit mass or per mole is unambiguously specified. From
Eq. (2.15), one sees that
✓
◆
✓
◆
@G
@G
S=
;
V =
(2.16)
@T p
@p T
Figure 2.1 shows schematically the variation of the enthalpy of a single
phase with temperature. Note that the value of cp may be approximately
constant at room temperature (i.e., linear h(T )), but as T ! 0 K, the specific heat must tend towards zero faster than the temperature. Figure 2.1
also shows the specific Gibbs free energy.
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Fig. 2.1 Free energy and enthalpy as a function of temperature.
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Key Concept 2.1: Gibbs free energy of a unary system
The Gibbs free energy of a system, G, is given by (H T S), where
H is the enthalpy (measured in a calorimeter) and S the entropy of
the pure component. It is a function of the two intensive parameters:
pressure p and temperature T .

2.2.2

Equilibrium of phases

The second law of thermodynamics stated that the free energy of a closed
system at equilibrium must be minimum (or its entropy maximum). For a
system consisting of a single, homogeneous phase, Eq. (2.15) implies that
both the temperature and pressure are uniform.
Consider now a closed system consisting of two phases ↵ and (e.g.,
solid and liquid, liquid and vapor, two crystalline phases, etc.). Assume
that mechanical and thermal equilibrium have been established, i.e., that
the temperature and pressure are fixed. The Gibbs free energy of the system can be written as the following sum:
m
G = n↵ G m
↵ +n G

(2.17)

m
where Gm
are the molar Gibbs free energies of the two phases,
↵ and G
and n↵ and n are the number of moles of each phase. Since the system
is closed, the constraint (n↵ + n ) = n = constant must be satisfied. It
is convenient to choose one mole for the whole system, in which case one
has Gm = ↵ Gm
Gm , where we have introduced the mole fractions of
↵ +
the phases i , which have the property ↵ +
= 1. Since equilibrium
corresponds to a minimum energy, matter must be repartitioned between
the two phases until at equilibrium we have

@Gm
= 0 = Gm
↵
@ ↵

Gm

(2.18)

Key Concept 2.2: Equilibrium of two phases in a unary system
At equilibrium, a unary system consisting of two phases ↵ and
satisfy the following conditions:

must

• T↵ = T = T (thermal equilibrium)
• p↵ = p = p (mechanical equilibrium)
m
m
• Gm
↵ = G = G (phase equilibrium)

These relations can be thought of as constraints on the system. Gibbs
defined the degrees of freedom of a system, designated NF , as the number
of independent variables (T , p and, as we will see later, composition) which

Thermodynamics of unary systems
Hm

H

35

Gm

m

–S

cpm

m

–Ssm

m

Lf

Gm

Gsm

Hsm
T

m
cps

T

Tf

Tf

(a)

Gm
T

(b)

Fig. 2.2 Molar enthalpy (a) and molar Gibbs free energy (b) for the liquid and solid
phases of a pure substance as a function of temperature.

can be changed and still maintain the same number of phases in equilibrium. When two phases are present, their pressure and temperature must
be equal, so from four potential variables (T↵ , T , p↵ , p ) the number of independent variables is reduced to two (T and p) by the constraint of equilibrium. The equality of the Gibbs free energies of the two phases further
reduces the number of degrees of freedom by one, e.g., fixing the pressure
implies that the temperature is also given. This is familiar for water: at
atmospheric pressure at sea level, ice melts at 0 C (co-existence of ice and
water) and water boils at 100 C (co-existence of water and vapor).
Figure 2.2 shows schematically the variation with temperature of the
molar enthalpy and Gibbs free energy of the solid and liquid phases of a
pure substance at atmospheric pressure. The point where the free energies
of the two phases are equal defines the equilibrium melting point Tf . Note
m
that the slope of Gm
` is greater (in absolute value) than that of Gs , since
the liquid is more disordered than the solid. The difference in slopes, i.e.,
Sfm = S`m Ssm , is called the entropy of fusion, and it may be computed
using the fact that the molar Gibbs free energy of the liquid and solid
phases are equal at Tf .
Gm
` (Tf )

m
Gm
s (Tf ) = 0 = [H` (Tf )

= [H`m (Tf )
0=
or

Sfm =

Lm
f
Lm
f
Tf

Tf

Tf S`m (Tf )]
Hsm (Tf )]

[Hsm (Tf )
Tf [S`m (Tf )

Tf Ssm (Tf )]
Ssm (Tf )]

Sfm
(2.19)

where Lm
f is the molar enthalpy of fusion, more often called the latent heat
of fusion per mole. It corresponds to the increase of enthalpy in the liquid
phase at the melting point, as illustrated in Fig. 2.2. It will be useful
in later chapters to consider the free energy change upon solidification at
some temperature T below the melting temperature T = Tf
T , where

