CHAPTER 11

MACRO- AND MICROSTRUCTURES
Movies from simulations relating to macro-micro models of solidification
can be found at: http://solidification.org/Movies/macro-micro.
html

11.1

I NTRODUCTION

The first three chapters of Part II have described how nucleation and
growth of the major types of microstructures occur under simple thermal
conditions, e.g., at a fixed undercooling or under a fixed thermal gradient
and velocity of the isotherms (i.e., Bridgman growth conditions). We examined the competition of various microstructures or morphologies during
columnar growth, e.g., stable vs. metastable phases or dendrites vs. eutectics (coupled zone). In some cases, such as for peritectics growing at
low velocity, as demonstrated in Chap. 9, the competition of the two solid
phases might involve not only growth, but also nucleation kinetics. The
present chapter further addresses how nucleation and growth kinetics influence the formation of microstructures under more realistic thermal conditions typical of most solidification processes. We will see that, in many
practical applications, the final microstructure observed after solidification
results from a competition between columnar structures moving with the
isotherms and grains nucleating ahead of the solidification front. This can
occur for the same phase, e.g., columnar and equiaxed dendrites, or for the
same morphology, e.g., columnar and equiaxed eutectic grains.
Such a competition is illustrated in Fig. 11.1 for a dendritic Al-7wt%Si
alloy directionally solidified (DS) in a vertical thermal gradient. A similar
grain macrostructure is shown in a 2-D schematic form for an ingot solidified from the lateral and bottom sides. Both figures display several grains
that nucleated at the bottom surface in contact with a water-cooled chill for
the DS ingot or at the cold surface of the mold for the 2-D ingot. From this
outer equiaxed zone, columnar grains, columnar grains form as a result of
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Fig. 11.1 The grain structure as observed in a directionally solidified Al-7wt%Si
casting (left, after Gandin and Rappaz [8]) and schematically illustrated for a 2D casting (right, after Kurz and Fisher [13]). The outer equiaxed, columnar and
(inner) equiaxed zones are indicated.

growth competition. Grains with an unfavorable orientation can be overgrown either by their neighbors, or by new grains having a more favorable
orientation that nucleate ahead of them. Since the thermal gradient decreases with the distance to the coldest surface(s), columnar growth may
be totally arrested by grains nucleating in the liquid ahead of the columnar front, and these new grains might maintain an elongated shape if they
grow in a thermal gradient. As the thermal gradient decreases further,
near the center of the 2-D casting or near the top insulated surface of the
directionally solidified ingot, the new grains become increasingly equiaxed,
eventually forming what is called the inner equiaxed zone (top equiaxed
zone for the DS ingot). The transition between columnar and equiaxed
grains of the same phase, the so-called Columnar-to-Equiaxed Transition
(CET), has been studied quite extensively. The reverse competition, from
the outer equiaxed zone to columnar grains, near a chill surface, has received less attention, but is governed by essentially the same phenomena.
This chapter considers such competing growth mechanisms, with the
objective of predicting the grain structure that will appear under a specific
solidification practice. In order to tackle such problems, it is first necessary
to understand how nucleation and growth mechanisms combine to give a
final microstructure. We therefore first address the case of equiaxed grains
growing in a uniform temperature field in Sect. 11.2. Grains nucleating
and growing in a thermal gradient, but without considering any preferential growth direction, are treated in Sect. 11.3. The orientation-driven
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competition occurring among columnar grains is considered in Sect. 11.4,
followed by an examination of the CET in Sect. 11.5. The last section of
this chapter, Sect. 11.6, describes the coupling of the nucleation-growth
models with macroscopic heat- and fluid-flow calculations. Emphasis will
be placed on one particular model coupling grain nucleation and growth
using Cellular Automata (CA) with Finite Element (or Finite Difference)
methods for the macroscopic heat flow, the so-called CAFE approach. Such
models provide a fairly simple and robust means for integrating the most
important phenomena into a single model, providing a direct calculation
of the grain structure.

11.2

E QUIAXED GRAINS GROWING IN A UNIFORM
TEMPERATURE FIELD

The present section considers several types of equiaxed structures, illustrated in Fig. 11.2. Although equiaxed grains can grow in a thermal gradient, as we shall see, we assume that the thermal gradient in the liquid,
G` is zero.

(a) Globulitic grains

(b) Dendritic grains

500 µm
(c) Gray cast iron

(d) Nodular cast iron

Fig. 11.2 Equiaxed grain types frequently encountered in solidification: (a) globulitic grains in Al-1wt%Cu (grain size ⇡ 100µm), (b) dendritic grains in an Al7wt%Si alloy (grain size ⇡ 2 mm, Courtesy of A. Dahle), (c) gray cast iron, and (d)
nodular cast iron (typical graphite nodule size ⇡ 50µm) (Courtesy of G. Lesoult).
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Key Concept 11.1: Globular and dendritic equiaxed grains of
a primary phase
• When the final grain size is small, globular grains of a primary
phase nucleated in the liquid with G` = 0 will grow with a nearly
spherical solid-liquid interface. In this case, the growth kinetics
of a grain can be approximated to that of a growing sphere. The
volume fraction of solid within the growing grain is 1 and thus
the volume fraction of grains, gg , is equal to the volume fraction
of solid, gs .
• Under similar thermal conditions (G` = 0), the same alloy will
develop dendritic equiaxed grains when the final grain size is
large. In this case, the growth kinetics of the grain is imposed
by that of the dendrite tips (see Chap. 8). Within the envelope
of the grains, i.e., the smooth surface that outlines the dendrite
arms ends, there is still some interdendritic liquid. Therefore,
the internal fraction of solid within the grain is less than one
during grain growth.
A globular or globular-dendritic microstructure is illustrated in Fig.
11.2(a) for an inoculated Al-1wt%Cu specimen. This structure occurs when
solutal or thermal instabilities are unable to develop, e.g., when the grain
radius, Rg , is small with respect to a characteristic instability wavelength
of the interface (see Sect. 8.2.4). Such situations are frequently encountered in inoculated alloys, where there is a high density of nuclei and the
cooling rate is moderate.
For small nuclei density, high solute content and/or large cooling rate,
equiaxed grains of a primary phase become dendritic (Fig. 11.2b). When
the thermal gradient is small, the extent of the primary arms is the same
along all the primary crystallographic growth directions. For example,
regular h100i dendrites produce a 6-branched, equiaxed star-like (or cruciform) grain in 3-D, or a 4-branched equiaxed cross in 2-D as indicated in
the sketch of Fig. 11.2b.
Key Concept 11.2: Equiaxed eutectic grains
For a eutectic composition, spherical equiaxed grains can also form.
In this case, the growth kinetics of the grain is dictated by that of the
eutectic lamellae (or fibers). The grains being fully solid, the fraction
of grains gg is equal to the fraction of solid gs .
This is typically the case of cast iron or Al-Si alloys. Figure 11.2(c)
shows lamellar gray cast iron, for which diffusion of carbon occurs between
lamellae in the liquid phase. Figure 11.2(d) corresponds to spheroidal
graphite iron (or nodular cast iron), in which carbon diffuses through the
austenite shell surrounding the graphite nodule. The growth kinetics of
these two eutectic morphologies were described in Chap. 9.
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Nucleation and growth of equiaxed eutectic
grains

Before considering the complexity of real castings, where numerous different morphologies can grow, we first develop a model for a population
of equiaxed grains nucleating and growing in a small volume element, as
illustrated in Fig. 11.3. The derivation formalizes the pioneering work of
Oldfield [15], also developed in the review articles by Stefanescu [26] and
by Rappaz [16]. The volume element is assumed to be small enough that
the temperature within it can be regarded as uniform (i.e., G` ⇡ 0). Such
an assumption is valid for an entire sample with volume V and surface
area A if the Biot number Bi = hT V /Ak ⌧ 1, where hT is the heat transfer
coefficient and k the thermal conductivity. This assumption is also valid for
an element inside a casting for which the maximum internal temperature
difference is small in comparison to the undercooling needed to resolve the
microstructure (described further below). For the sake of simplicity in the
model development, we also take ⇢s = ⇢` = ⇢. The evolution of the solid
fraction in such a volume element is obtained by integrating the average
heat flow equation, Eq. (4.137) (with v = 0 and Ṙq = 0), over the volume
element, with the result:
qb

A
dh⇢hi
dT
=
= h⇢cp i
V
dt
dt

⇢Lf

dgs
dt

(11.1)

where qb is the external heat flux leaving the surface A of the specimen,
h⇢hi and h⇢cp i are the average volumetric enthalpy and specific heat, respectively, and ⇢Lf is the volumetric latent heat of fusion.
Consider first spherical eutectic grains that nucleate randomly in the
volume at a rate designated ṅg (t), as described in Chap. 7. The number of
new nuclei formed per unit volume between times tn and tn + dtn is given
V

Vge

Ts

qb

TC

gsi =

Vs
Vg

Vg

Fig. 11.3 A schematic of equiaxed grains growing in a small volume element of
uniform temperature. The extended volume of a eutectic grain, Vge , the actual
volume, Vg , when impingement is accounted for, and the internal volume fraction
of solid, gsi , of a dendritic grain are displayed.
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by dng = ṅg (tn )dtn . As the grains grow, they will eventually impinge on one
another, which must be accounted for by the model. For eutectic grains, it
is recalled that the fraction of grains, gg , is equal to the solid fraction, gs ,
since the internal fraction of solid of the grains is equal to 1. We introduce
now the concept of extended volume fraction of solid of the grains.
Key Concept 11.3: Extended volume fraction of grains
The extended volume fraction of solid of equiaxed eutectic grains gse (t)
is the volume they would occupy (normalized by the total volume) if
impingement were to be neglected (see Fig. 11.3), i.e., if the growth of
the grains were to be calculated without accounting for their overlap
with neighbors. It is obtained by integrating over all the grains:
gse (t) =

Z

t
0

4⇡Rg3 (tn , t)
dng (tn ) =
3

Z

t
0

4⇡Rg3 (tn , t)
ṅg dtn
3

(11.2)

where Rg (tn , t) is the radius of the grains nucleated at time tn and
observed at time t.
If the growth rate vg ( T ) is known, one can also write
Rg (tn , t) = Rg (tn , tn ) +

Z

t

vg (t0 )dt0 = Rg (tn , tn ) +

tn

Z

t

vg ( T (t0 ))dt0 (11.3)

tn

where Rg (tn , tn ) is the nucleation radius of the grains at time tn .
A fairly simple model that accounts for the decreased growth rate
due to impingement is described by the Kolmogorov-Johnson-Mehl-Avrami
(KJMA) relationship. In this model the grains are assumed to be randomly
distributed in space, and the increment dgs is equal to dgse multiplied by
the probability of the actual interface of the grains being in contact with
the liquid. This probability is given by (1 gs ), and thus dgs = (1 gs )gse .
After integration, we obtain the following impingement relationship.
Key Concept 11.4: Grain impingement
As a result of grain impingement, which becomes increasingly important as solidification proceeds, the actual volume fraction of solid of
equiaxed eutectic grains gs is given by:
gs (t) = 1

exp( gse (t))

where gse is the extended volume fraction of solid.

(11.4)
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Differentiating Eq. (11.2) with respect to time and using Eq. (11.4)
gives
dgs
= (1
dt
= (1

gs )

dgse
"dt

4⇡Rg3 (t, t)
gs ) ṅg (t)
+
3

Z

t
0

4⇡Rg2 (tn , t)vg (tn , t)dng (tn )

#

(11.5)

The first term in the square brackets corresponds to the increase in volume
fraction associated with nucleation, whereas the second term represents
the increase in solid fraction associated with growth. Since the initial nucleus size is small, the first term is negligible in comparison to the second.
When the velocity of the grains, vg (tn , t), is independent of the time tn at
which they nucleated, Eq. (11.5) can also be written in the form

Z t
dgs
s`
= SV vg (t) = (1 gs )
4⇡Rg2 (tn , t)dng (tn ) vg (t)
(11.6)
dt
0
where Ss`
V is the specific surface of the solid-liquid interface, i.e., the integral of the spherical surface of all the grains multiplied by the impingement factor, (1 gs ). At this stage, it is useful to introduce the second-order
average grain radius, Rg2 (t), and the total density of the grains, ng (t):
ng (t) =

Z

t

ṅg (tn )dtn
0

and

Rg2 (t) =

1
ng (t)

Z

t
0

Rg2 (tn , t)dng (tn ) (11.7)

thus allowing the increase in the solid fraction to be expressed as
dgs
= ng (t)4⇡Rg2 (t)vg (t)(1
dt

gs (t))

(11.8)

One can clearly see the individual contributions of nucleation (increase of
ng (t)), of growth (4⇡Rg2 (t)v(t)) and of impingement (1 gs (t)).
Let us now adopt the athermal nucleation model developed in Chap. 7,
and further assume that the growth kinetics depend only on the undercooling. This allows us to convert the integral over time in Eq. (11.6) into one
over the temperature or undercooling.
Key Concept 11.5: Convolution of nucleation and growth for
eutectic equiaxed grains
Under the assumption that nucleation is athermal, given by a distribution of undercooling dng /d( Tn ), while growth kinetics of the interface vg ( T ) is a function only of the undercooling, the evolution of the
volume fraction of solid associated with the solidification of equiaxed

